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EISENSTEIN SERIES ASSOCIATED WITH ro(2) 


HEEKYOUNG HAHN 


Abstract. In this paper, we define the normalized Eisenstein series P, e, and Q 
associated with ro(2), and derive three differntial equations satisfied by them from 
some trigonometirc identities. By using these three formulas, we define a differential 
equation depending on the weights of modular forms on ro(2) and then construct 
its modular solutions by using orthogonal polynomials and Gaussian hypergeometric 
series. We also construct a certain class of infinite series connected with the triangular 
numbers. Finally, we derive a combinatorial identity from a formula involving the 
triangular numbers. 


1. Introduction 

In his notation [13], Ramanujan’s three primary Eisenstein series are dehned for 
|g| < 1 by 

OO ^ 

(1.1) P := P(g) = 1 - = 1 - 24 

z—/ I — 

n=l 

OO 0 

(1.2) Q := Qiq) = 1 + 2A0%,siq) = 1 + 240 

n=l ^ 

OO 5 n 

(1.3) R := Riq) = 1 - 504$o,5(g) = 1 - 504 

n=l ^ 

where 

OO OO 

m=l n=l 

for integers r, s > 0. 

In more contemporary notation, the normalized Eisenstein series on SL 2 {'L) are 
dehned, for each even integer /c > 4, by 

= ^^(c^ + d)-^ 

where the summation is over all coprime pairs of integers c and d, and Im ^ > 0. Then 
it is known that Ek{z) has the Fourier expansion [H] 


(1.4) 


Ek := Ek{z) 



OO 

^afc_i(n)g”, 

n=l 
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where q = is the /cth Bernoulli number and 


(1.5) 


n{n) := 

d\n 


As usual, we set cTi(n) = a{n) and cTfc(n) = 0 if n ^ N. Note that E^i^z) = Q{q) 
and Eq{z) = R{q) are holomorphic modular forms on SL 2 {'L) of weights 4 and 6, 
respectively [21 P- 109]. It is well-known that E 2 {z) = P{q) is not a modular form 
of weight 2 [HI p. 12], called a quasi-modular form. The Eisenstein series (ll.ll) - (ll.3p 
satisfy the differential equations [131 eq. (30)], [HI p. 142] 

( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 


dP P^-Q 
~ 12 ’ 
dQ PQ-P 
^~dq ~ 3 ’ 

dP PP - Q2 
^liq ~ 2 ' 


By analogy with Ramanujan’s functions <hr,s, V. Ramamani, in her paper [121 PP- 
279-286], dehned 4)^,5 for integers r, s > 0, by 


OO OO 


(1.9) 




m=l 77=1 

In contrast to the functions 4/^^^ are not symmetric in r and s. In connection with 
4/r,s, let us dehne three functions P, e, and Q by 


( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 


V - V(q) = 1 + 8>I’„,i(j) = 1 + 8 y] 


(_l)n-l^^n 


77=1 

CO 


e := e a = 


(g) = l + 24Ti,o(g) = l + 24 5^ 


nq 


Q ■= Q{q) = 1 - 164/o,3(g) = 1 - 16 ^ 


-1 + g-’ 

(_l)n-1^3^n 


77=1 


1 - g” 


Using the theory of the elliptic functions, Ramamani m proved that when r + s is 
odd, can be expressed as a polynomial in V, e, and Q. We remark that for r + s 
odd, the function 4/^,* is related to the normalized Eisenstein series on ro(2), where 
the modular subgroup ro(2) is dehned by 


(1.13) 


ro(2) :=\^eSL2iZ) 


7 = 


* * 
0 * 


(mod 2) 


The normalized Eisenstein series associated with ro(2) are dehned, for even integer 
^ > 4, by 


(1.14) 


£k ■= £k{z) = 1 


2k 




(-l)”-'n*-‘g” 


(1 _ 2‘)Bj ^ 1-5 
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Then the series 8 k{z) are modular forms of weight k on ro(2) which vanish at the cusp 
zero [H Theorem 1.1]. It is clear that 8 i{z) = Q{q) is the relevant modular form of 
weight 4 on ro(2). When A; = 2, it turns out that 82 {z) = V{q) is not a modular form 
on this group (see (I2.36p ). but it plays important roles in the theory of modular forms 
of level 2. Note that the function e{q) is indeed the modular form of weight 2 on ro(2) 
[21 Lemma 3.3]. 

In Section 2, we derive relations for for odd r + s, from trigonometric identities 
[T3l eqs. (17), (18)] and then, in the same manner as fll.6p - fll.8p are proved, we obtain 
the differential equations 


(1.15) 

dV V^-Q 
^ dq ~ 4 

(1.16) 

de eV — Q 
^dq ~ 2 

(1.17) 

q^ = VQ-ei 
dq 


The proofs will be given in Theorem 12.21 and Theorem 12.41 At the end of Section 2, 
we mention an alternative proof of these formulas using the theory of modular forms. 
In Section 3, by using fll.l5|) - fll.l7p . we dehne a differential equation depending on 
the weight k of modular forms on ro(2) and then construct its modular solutions 
by using orthogonal polynomials. We also hnd the hypergeometric structure for the 
solutions of this differential equation. In section 4, we construct a certain class of 
inhnite series connected with the triangular numbers. Finally, we derive a combinatorial 
interpretation from one of formulas which we construct in Section 4. 


2. Differential equations for P, e, and Q 

Ramamani m proved that for odd s > 3, can be expressed as a polynomial in 
e and Q by using the theory of elliptic functions. We can observe this by comparing 
the coefficients of 6 "^ in the trigonometric identity |T3l eq. (18)] 


( 2 . 1 ) 


1 , » 1 , 1 ^ «V 


± n (7 J. \ J. X—^ 

- cot^ —I-) H-> 

« 9 12/ 19^ 


12 ^ 1 
n=l 


(5 + COS n9) 


- cot^ - H-h > -(1 —cosn^) 

S 9 19 1 — ^ ^ 


n=l 


After replacing 6 hy 71 +6 in fl2.ip . let us expand tan6' and cosnO in their Taylor series 
about 0 for each n = 1,2,.... We therefore hnd that 


176^ 


4-^ + 6—^ + 4—^ + ■ ■ ■ 


I-q l-q^ 


l-q^ 


5^2 


2 ^q 


5^3 


+ 


3"g 


2!Vl-g l-g2 i_g3 


144 192 9216 


1 

12 
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7^3 


^ Z‘q 


( 2 . 2 ) 


4! Vl — g 1 — ^2 1 — ^3 


1 o/ g , 3g^ 5g^ 

12 Vl-g l-g3 ^ i_g5 + 


+ ■ ■ ■ 


1/1 


g ^ 


3^3 


S-'g 


2 !Vl6 1-g l-g2 1 - g3 


+ ■■■ 


1/1 g 

+ 


25g2 ^ 35^3 


4! Vs 1 —g 1 —g 2 1 —g3 


+ ■ ■ ■ 


Before going further, we need to introduce an alternative representation for e(g). By 
the elementary fact 

2 x‘^ 


X 


X 


1 + X 1 — X 1 — X 


2 ’ 


we hnd that 


e(g) = 1 + 24^ 


nq 


^ l + g" 


1 + 24X:t^-24^ 


2 nq 


2n 


(2,3) 


So we can rewrite (I2.2p as 


1 + 24 5 : 


1 _ gn l_q2n 

=1 n=l 

(2n — l)g2 


n= 
,2n-l 


2n-l 


3^3 


g 2^g2 3^g 

2^^+ 3-^+ 2 ^ 


144 6 \ 1 - g 1 - g2 1 - g3 



17 




0,7 


9216 12-4! 


\e^ + 


31 


+ 


1 ^ ^ 0,5 


69120 12 • 6! 


192 12 • 2! 

0i9 1 ^6 _j_ _ _ _ 


2^2,1 + 8^0,5 p4 I 

“ ^ I 2 + ~ + 8-4! " + 


(2.4) 


144 192 I 1024 


+ 


e(l + 84 ^ 0 , 5 ) \ ^4 


1152 


e(17 — 324/oj) ^ Q(1 + 84 / 0 , 5 ) 




139240 3072 

So if we compare the coefficients of 0^ on both sides of fl2.4l) . then we have 
(2.5) 1 + 84 /o,5 = eQ. 
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Similarly, equating coefficients of 6 *^ and using fl2.5p . we obtain the identity 

17 - 32^0,7 = + 8 e(l + 8 ^ 0 , 5 ) = 9Q^ + 8e^Q. 

Successively comparing the coefficients of 0^, n = 6, 10, 12 ,... on both sides, we easily 
obtain the following theorem. 


Theorem 2.1. For even integer k >A, 

(2.6) £k= Y. 

2m+4n=/c 

m>0,n>l 

where am,n are constants. 

The hrst few examples of Theorem 12.11 are the relations contained in the following 
Table I. 

(2.7) 1-16To,3=Q, 

(2.8) l + 8To,5=eQ, 

(2.9) 17-32To, 7 =8e2Q + 9Q^ 

(2.10) 31 + 8To, 9 =4e^Q + 27eQ^ 

(2.11) 691 - 16To,ii =16e^Q + 486e^Q^ + 189Q^ 

(2.12) 5461 + 8To,i 3 =16e®Q + 20166^2^ + 3429eQ^ 

(2.13) 929569 - 64To,i5 =256e®Q + 1304646^2^ + 667872e^Q^ + 130977Q^ 

Table I 

Now, we will give a detailed proof of the differential equations fll.15p - fll.17p . 

Theorem 2.2. IfV and Q are defined by fll.lOp and fll.l2p . respectively, thenV and 
Q satisfy the differential equations fll.l5p and fll.l7p . respectively. 


Proof. Recall the identity [131 69 - (17)] 


1 9 

- cot - 
4 2 




SI- 9 " 


sin n6] = f - cot 


0\2 


(2.14) 


4 2 

- 00 


E 


1 Ti 

1 nq 


2 ^ 1 - g’ 

77=1 


g"cos nO 

^(1-g”)' 

(1 — cos n9). 


Replacing 6 hy tt + 6 in fl2.14p and expanding sin n6 and cos nO in Maclaurin series, we 
obtain the Taylor series expansion at 0, 


+ (5 + *”’=) T + (i “ 1 - + 

00 ^ CXD ^ 

(1 - g-)2 + 2^°’' 


1 nq^ 


tE 


yi 

V 7! 
1 


2 ^ 1 - g*^ 

77=1 


77=1 


32 


0 


2 ! 


— + 4/1^2 — 77^'o,3 ) Trr + ( 77 ~ + 7 : 4 /o ,5 ) 77 + 


16 


4! 


(2.15) 
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If we compare the coefficient of 6^ on both sides of fl2.15p . then we deduce that 

(2.16) = 1 + 32^1,2 - 16^0,3 = Q + 32^1,2. 

By the definition of s > 1, it is clear that 

(2.17) q- 
So by (I2.16p . we obtain 

(2.18) 


^ d^r,0 

-— = Wi ,^+1 and q —— = 
aq aq 


dV o,., V^-Q 

q— - 8g—-— - 8\l/i 2 - ---, 

aq aq 4 


which is the desired identity fll.lSp . 

Similarly, by comparing the coefficients of 6"^ from fl2.15|) . we can hnd that 


(2.19) 


PS 1 , 1 

- l6 “ 


Hence, from fl2.19l) . we derive that 

q^ = -16g ^^°’^ = -16\hi,4 = VQ - (1 + Stho.s) = VQ - eQ, 
aq aq 


from 


□ 


To hnd a differential equation for e{q), we need another trigonometric identity proved 
by Ramamani |T2l eq. (1.5)]. 


Lemma 2.3. 

'1 

— Cc, 

.4 2 

( 2 . 20 ) 


1 6 ^ 


^ 1-9' 


sin n9 ) = 


3 /cot0/2\3 3 


) -i5: 


^ (1 _ qny 


■ sin nO 




(2n2 + l)g” . 


hi(i-9”)= 


16 1 — 
n=l 


sin n9 


8 2^1-gii 2\^ I-q^ ) \ a - 

n=l n=l 


nq 


Theorem 2.4. If e(g) is defined by (II.lip , then e(g) satisfies differential equation 

(inn]). 


Note that for the proof of Theorem 12.41 Ramamani [HI p. 116] briehy mentioned 
that the equation (11.161) can be obtained by comparing the coefficient of 9 in the Taylor 
expansions around 0 in (I2.2np . after replacing 9 by n + 9. We will show this here in 
detail. We hrst need the following simple, but useful fact. 


Lemma 2.5. Let P{q), Viq), and e{q) be as in (II.ip . (ll.lOp . and (II.lip , then 
(2.21) P{q) = 3V{q)-2eiq). 
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Proof. By fl2.3p . we obtain 


3V{q)-2e{q) = 3(1 + 8 


(2n - 

^ 1 — g2n-l 

n 

T- q^ 




2nq 


2n 


2(l + 24V P"-yr‘ 

V ^ 1 — «2n-l 


n=l 

00 ^ X 2n-l 




-i-j 


24y2!!i^ 

n=l ^ 


2n 


n=l 

00 


:l-24^ 


nq 


^ 1 _ 


□ 


Now to simplify the infinite series on the right hand side of fl2.20p . a new series 
representation for \l/ 2 ,i shown below is necessary. 

Lemma 2.6. If'^r,s{q) is defined by fll.91) . then 


( 2 . 22 ) 


d^2,i(g) := 


n=l 


(1 - 


Proof. By the dehnition of we easily derive that 


(2.23) 


^m(?) = 




Setting s = 0 in fl2.23p . we hnd that 


(_-{ '\n-l n 

n=l ^ ^ ' 

Differentiate both sides of the above equality and then multiply by q. By (12.171) . in the 
case r = 1, we complete the proof. □ 

Proof of Theorem fS.fl After replacing 0 by tt + 0 in (I2.20p and comparing the coeffi¬ 
cients of 0 for the Taylor expansions at 0, we can hnd that 

(2.24) 

3 ^ (-l)^-^nq^ 3 ^ (-l)^-^nq^ 3 ^ (-l)^-^n^q^ 

^ ~ n _ nn]3 I n _ n^]2 + 7 z.^ 


2 ^ (1-g^r 4^ (l-g-)2 4^ (1-q^y 


1 ^ (-l)’"-^(2n3 + n)g’" ^ 


O 77 

3 nq 


16 


1 - 


16 ^ 1 - g*^ 

n=l 


1 + 8 ^ 


(_l)n-l^gn 


n=l 

For convenience, set 

3A(-1)”“W 3 “ ^ 


n=l 


1-q^ 


(2.25) 


o (-l)^-^nq^ 3 ^ (-l)^-^nq 

^ “ 9 Z^ n _ n^)3 7 Z^ n _ 


2^ (l_gn)3 4^ (l_gn)2 ’ 

n=l ' ' n=l ' ' 
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(2.26) 

Q OO 

n=l 

(2.27) 


(2.28) 

\ ' 




+ n)q^‘ 


n=l 

oo 


1 -q'^' 


nq 


n=l 


1 - 


1+8^ 


{-ly-^nq^ 


n=l 


1 - g" 


By 02.221) and a simple calculation, we obtain 


Si — —-\b2,i- 


For 5*2, we have 


(2.29) 




3 d (^ {-l)^-^nq^ 


4 dq 


vn=l 


1 — g*^ 


dV 


32 \ dq 


= FF = TSsi'P' - 2)> 


128 


where the last equality comes from Ol.lhp . By the dehnitions of V and Q given in 
Ol.lOp and 01.12p . respectively, 

^ 128 

Finally, use 02.2ip to deduce that 

3(1 - P)V {1-3V- 2e)V 


S.= 


128 


128 


It follows that 


0 — 5*1 + 5*2 + 5*3 + 5*4 

3 

4 


3, 3(p2_Q) Q-r p_3p2_2eP 

= - ■7'i’v + ' 


and hence we obtain 
By using 

we complete the proof. 


128 
^2,1 = 


128 

eV-Q 

48 


128 


de 

q— = 24^2,1, 
dq 


□ 


Remark. It is possible to derive fll.l5l) - 01.17p from the analogous formulas in level 
one. 

Let 0 := g^ = and use the notations £ 2 , 62 , and rather than V, e, and Q, 

respectively, because we want to focus on their weights. Then the differential equations 
fll.i 5 p - fll.i 7 p are, in these notations. 


SI - Si 
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(2.32) 0£^4 — ^^2^4 — 62^4- 

For an even integer /c > 2, let Mfc(ro(2)) denote the space of modular forms of weight 
k on ro(2). Then we know that the operator 

(2.33) / ^ e/ - Fej/ 

maps Mfc(ro(2)) to Mfc+2(ro(2)) (see Exercise no. 7 [H p. 123]). Let g{z) := E 2 {z) — 
2 E2(2 z). Then g{z) G M2(ro(2)) (see [21 Lemma 3.3]). So for any constant a, the 
operator 

(2.34) f^Qf-^^E 2 + ag)f 

maps Mfc(ro(2)) to Mfc+2(ro(2)). In particular, if we set a = —2, and use (12.211) . i.e., 
= (47^2(2^) — E 2 {z))/ 3 , then we have the following lemma. 


Lemma 2.7. Let f G Mfc(ro(2)), then 

(2.35) 0/-^£2/eMfc+2(ro(2)). 


Now, by fl2.35l) applied to the modular form 62 G M2(ro(2)), we have 062 — G 
M4(ro(2)). By computing the hrst three terms in the g-expansion (which are enough 
to exceed the bound coming from the valence formula), we can prove the equality 


062 - 


^ 2^2 


2 ’ 


which is exactly (I2.3ip . Similarly, we can derive (I2.32p . after applying fl2.35p to S 4 G 
M4(ro(2)). 

Since S 2 is not a modular form of weight 2, we cannot use Lemma 12.71 to derive 
(I2.30p . So hrst we prove that — 40£^2 G M4(ro(2)). We need the transformation 
formula for 82 - 


Lemma 2.8. IFe have 
'az + b 
+ 

Proof. Recall the transformation formula [Ml p. 


(2.36) 


8, 




(2.37) 
So for ( 

Hence, 




;S)6r„(2), 

az + h 


Eo. 2 


raz + b\ , ,,9„ , , 6 , 

(- j ) = {cz + d) E2 {z) H- :c(cz + d), 

\cz+d/ m 

a( 2 z) + b 


a b 
c 


f] 6 SL,{Z). 


CZ + d 


= E2 




Vcz + a/3V TT? / 

-\{{cz + dfE2{z) + —c{cz + d)) 
3 V Til / 
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—(cz + d)‘^£ 2 {z) + 


— c{cz + d). 
Tii 


□ 


It is clear from 02.361) that 


(2.38) e&r-^) = (c. + - 

\cz+ d/ m 

So, by 02.36P and (I2.38p . for (“ ^) e ro(2), 


^ 2 [ az + h \ 
^\cz + d) 


40^2 


az + b\ 
cz + dJ 


= (^{cz + d)‘^£ 2 {z) + 


— c{cz + d) 
■Ki 


2 


c‘^{cz + df 


-aUcz + d)^Q£2iz) + 

V m 

=(cz + dy^£ 2 (z) - 4&£2(z)y 


c^(cz + d)^\ 

TT^ / 


Hence £”1 — 40£^2 ^ d44(ro(2)). Then by examining at the hrst three terms in the 
g-expansions, we hnd that 

- 40^2 = £ 4 , 

which is the desired result O2.30p . 


3. A DIFFERENTIAL EQUATION DEPENDING ON WEIGHTS OF MODULAR FORMS 


The differential equation in the upper half plane z G H 

(3.1) f"{z) - £^E,{z)f{z) + = 0 , 

was originally studied by M. Kaneko and D. Zagier in [8]. Here the symbol ' denotes 
the 0-operator {27ii)~^d/dz = q ■ d/dq, {q = For convenience, in this section, 

we will use this notation. Then it is known, that for A; = 0,4 (mod 12), there exists a 
modular solution of fl3.ip 


where 


E4{z)^/^F 


k k-A k-b 1728\ 

12’ 1^’ TMy ’ 


00 

F{a,b-,c;x) = ^ 

n=0 


{a)n{b)n X^ 

(c)n n\ ’ 


{a)n = a{a -|- 1) ■ ■ • (a -|- n — 1), |(r| < 1, 


is the Gaussian hypergeometric series, and j{z) is the elliptic modular invariant. Var¬ 
ious modular forms on some subgroups were obtained in |H] as solutions to this differ¬ 
ential equation, where the groups depend on the choice of k. In particular, on ro(4), 
Ono [To] constructed a family of differential endomorphisms and carried out a similar 
analysis for modular forms on this group, including those of half-integral weight. 

In addition to the modular solutions, quite remarkable was an occurrence of a quasi- 
modular form, not of weight k as in the modular case but of weight k + 1. Along 
the same lines, Kaneko and Koike [7] found some examples of quasi-modular forms as 
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solutions to an analogous differential equation attached to the group rQ(2), which are 
not contained in the full modular group, where rQ(2) is dehned by 

r;(2) = (ro(2). (2 V))' 

where the modular subgroup ro(2) is defined in (II.13^ . 

The differential equation on which we focus in this section is 

(3.2) f"(z) - = 0, 

where S 2 {z) is a quasi-modular form of weight 2 on ro(2) defined by fll.l4|) . i.e., 


^2iz) — 1 + 


00 

n=l 


(_l)n-l^^n 

1 - g" 


In the present section, for any positive even k, we construct solutions of the differential 
equation fl3.2l) . which are indeed modular forms of weight k on ro(2). 

A simple calculation using the differential equations fl2.30p - fl2.32p shows that £2 is 
the logarithmic derivative of the modular form 

(3.3) D := =q + 8 q^ + 28q^ + 6^ + '' ' 

04 

of weight 4 on ro(2). 

Dehne a sequence of polynomials An{x) by 

(3.4) Aq{x) = 1, Ai{x) = X, An+i{x) = xAn{x) + A„A„_i(a;) (n = 1, 2,...), 


where 

(3.5) 


K = -64 


[n 


If 


(2n + l)(2n + 3)' 


The polynomial A„(x) is an even or odd polynomial according as n is even or odd, 
respectively. We also define a second sequence of polynomials Bn{x) by the same 
recursion with different initial values as follows: 


(3.6) Bo{x) = 0, Bi{x) = 1, Bn+l{x) = xBn{x) + \nBn-i{x) (u = 1, 2, . . . ). 

The polynomial Bn{x) has opposite parity, i.e., it is even if n is odd and odd if n is 
even. Then our first result is given in the following theorem. 

Theorem 3.1. Let k = 2n + 2 (n = 0,1, 2,...). Then the following modular form of 
weight k on ro(2), 

(3.7) + 

is a solution of fl3.2|) . where D is defined by fl3.3l) . 

Remark. An element of degree k in the ring C[e2, D] is referred to as a modular form 
of weight k on ro(2). Note that ^/D does not really occur due to the evenness and 
oddness of An{x) and Bn{x) on each n. 
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Let the operator 1?^ be denoted by 

(3.8) 

which is the formula fl2.35p in Lemma [2.71 Using fl2.3ip . we find that 

(3.9) 

Similarly by fl3.8p and fl2.32p . we obtain 

(3.10) 194(^4) = -62^4. 

We also deduce that 

(3.11) 


Mf) /' - |8'2/, 


112(62) = -y. 


^)(D) = 


{g(el) - ■»(£,)) 


64 


= 0 , 


after an application of 03.91) and O3.10p . 

If / and g have weights k and /, the Leibniz rule 

^k+i{fg) = ^k{f)g + f^i{g) 

holds. We sometimes drop the suffix of the operator 19^ when the weights of modular 
forms we consider are clear. With this 'dk operator, the equation 03. 2 p can be rewritten 
in the following lemma. 

Lemma 3.2. The differential equation 03. 2 p is equivalent to 

(3.12) 

Proof. By the dehnition of the "d-operator in 03.8p . we obtain 


nk+ 2 Vk{f) — - T-z - 04 /. 

16 


ll|=+2llt(/) = ll|=+2(/' - |£2/ 

= (/'-lf2/ 




k{k + 2) , k{k + 2) 2 


Af + 


^ 2 /, 


4 16 

where, in the last equality, we employed the equation 03.2p . i.e. 

^ 1 c r' _ + ^) c/ r 

J - ~ -4-^2/- 

So we complete our proof by using Ol.lSp . 


□ 


Proof of Theorem \S.1[ Let Fk denote the form in 03.7p in Theorem 13.11 We first estab¬ 
lish the recurrence relation 

(3.13) Fk+2 = 62^^ -|- XnDFk-2, 

where n = [k — 2)/2. This is a consequence of the recurrence relations for An and Bn 
as in 03.41) and 03.61) . respectively. Then 

3 


^2Fk + XnDFk-2 —&2 
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+ XnD f ^ ^ 

+ XnAn-1 


13 


62 


3 


_p(n+l)/2 ( ^2 . 


62 

^/^ 

62 


62 


2e2 


= D("+1)/2A 


n+1 


( x / t ) 


VS 

2e2 


Vd 

)+A„B„_, (^)) J 


+ L)"/2^ 


n+1 


( x / t ) 


3 


=F, 


fc+2- 


Now we prove by induction that Fk satisfies the equation fl3.12p . For the base step, 
we first have to check the cases k = 2 {n = 0) and A; = 4 (n = 1). In the case k = 2, 
from the formula fl3.7p . we have F 2 = 2e2/3, which is clearly a modular form of weight 
2 on ro(2). Moreover, using fl3.9p and fl3.10p . we obtain 


1^2 


2e2 

T” 


= i9 - 




2(2 + 2) ^ 2e2 

“ 16 ^ 


which satisfies the equation (13.121) . Similarly, we can deduce that F4 = (2e| + £^4)/3 is 
a modular form of weight 4 satisfying (I3.12p . 

Assume Fk _2 and F^ satisfy 03.121) . Then by using 03.131) and the formulas 03.91) . 
03.10p . and (13.lip , we have 

l92(Ffc+2) =1? (^{Fk)e2 - + XnD^\Fk.2) 


—l9^(-^fc)62 + 
k{k + 2) 


^2£4Fk 


Sa^{F,) + XnD^\Fk-2) 


62^4Ffc + - 8^d{Fu) + ^\ nD8^Fk-2 


16 2 - V IQ 

+ + + ^^^~‘^\ nD8,Fu-2 - 8^d{Fk). 


(3.14) 

Hence we find that, by 03.14p and 03.13p . 




16 


■4-CA:+2 


A;2 + 2fc + 8 (A; + 2)(A: + 4) 

16 16 
k{k-2) (fc + 2)(A; + 4) 


= - 8 , 


16 

k 


16 


62£’4Tfc 

XnD8iFk-2 — 84X}{Fk) 


^ 62 Ffc + '&{FiX) H-^- XnDFk-2 


To prove the theorem it will therefore suffice to show that 
(3.15) 




4 


2 
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Again, we will prove the equality fl3.15p by induction on k. For the case k = 4 [n = 1), 
the equation is checked directly as follows by 03.91) and 03.1O|) : 


462^4 


+ 19(^4) =62 


26 , + £^4 , „ / 2el + £^4 


+1? 


= (e^-^:4) 


2eo 


-64 


(1 + 1)^ 


(2-l + l)(2-l + 3) 


4+1 


X 1 DF 2 , 


where the last equality comes from the relation 
rewrite Ffc+2 as 


60 — £^4 \ 2 e 


64 


and 03.3p . Using 03.13p . we can 


(3.16) 


Ffc+2 — 


2 (fc + l) 


{{k + 2)e2Fk-4^{Fk)). 


Assume that 03.15P is valid for k, i.e., = 0. Hence by 03.13P and by applying 

the 'd-operator to Ffc+2 in 03.16p . we hud that 

^-^e2Ffc+2 + ^(^^+ 2 ) = 00 \ e2{{k + 2)e2Fk - 4d{Fk)) 


8 (fc + l) 
k + 2 


2(fc + 1) 

(A;+ 2)2 


+ e2'd{Fk)] - -^—d‘^{Fk 


k+1 


8(A; + 1) 

fc + 3 


(62 £-i)Fk 
•^n+l DFk. 


Here we have used the induction assumption. Hence the proof of 03.15P is complete, 
and so then the proof of Theorem 13.11 is also complete. □ 


We next indicate that the solutions of 03.2p have a hypergeometric structure. Let 

e2 1 

j2 := yy = - + 40 + 276g - 2048^^ + ... . 

D q 

Then ^2 is a ro(2)—invariant function which generates the held of modular functions 
on To (2) and the normalized function j 2 — 40 is often referred to as the “Hauptmodul” 
for the group ro(2). 


Theorem 3.3. For even k > 4, the differential equation 03.2p has solutions which are 
normalized modular forms of weight k on ro(2), a generator of which is given by 


(3.17) 



/ k k — 2 A) — 164\ 
V 4’ 
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Proof. It is sufficient to show that 

E ■ 

0<i<k/4: 

is a solution of fl3.12p . since / is a normalized modular form of weight A; on ro(2). Since 

Pi = el — 64:D, 


k\ ( _ fc—2 'i 

-4AA 4 


by fl3.8p . we find that 
Using these, we obtain 

4-2i 


>»(e2) =-y = 32Z) - 




+ /3D*+ie| + ^ 


with 

(3.18) a = + ^ = _8(fc-4*)2, 7 = 256(fc-4*)(fc-4*-2). 


Hence, for 


we have 


16 

f= Y. 

0<i<fc/4 


*e| with Oi = 64^ ^ ^ 




*+l „ 2 


5-2i 


-2 ) 


0<i<fc/4 

for some constants a'. We can complete the proof by showing that a' = 0. By the 
dehnition of a* and (I3.18p . we can express a' in terms of a,, namely, 

, (A;-4i-4)(A:-4i-2) 


16 


Oj+i — 8(A; — 4i)^aj 

k{k + 2) 


+ 256(/c — 4i + 4)(A; — 4i + 2)ai_i — 


16 


(oi+i - 64aj) 


=ai X 


(fc - 4i - 4)(fc - 4A - 2)(fc - 4i)(fc - 4i - 2) 
2 (fc-2 i-l)(i + l) 

-8(fc-4A)2-32(fc-2i + l)i 

fc(fc + 1) / g (fc-4z)(fc-4z-2) _ 


16 


(fc-2i-l)(i + l) 


= 0 , 


after a simple algebraic calculation. 


□ 


Remark. Solutions of fl3.2p can be reformulated in terms of Rankin-Cohen brackets 
ini- For modular forms / and g of weights fc and I, define a modular form [/, g] of 
weight fc + / + 2 by 


[f,9] = kfg' -If g 
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(“Rankin-Cohen brackets of degree 1”). By the definition of the "d-operator in fl3.8p . 
the above equation may also be written as 

(3.19) [f,g] = kfdi{g) - Mk{f)g- 

Lemma 3.4. Suppose satisfies the differential equation fl3.12l) . Then 


(3.20) 
and 

(3.21) 




2)1^1,£4l)+«([F»,ep = 


2 n {k — A){k + 2) 


[Fk, 62]. 


Proof. Since Fk is a solution of fl3.12p . Fk satisfies the equality 


16 


From this and the use of fl3.9p and (13.101) . we obtain 
d{\Fk,ef\) =i9 (y—FkS^ - 2e2i9(Ffc)^ 


— ~ —'d{Fk)Si + —e2S4.Fk — 2 


k{k + 2) 

1^ 


^iFk ) 62 + £ 4 'd{Fk) 


kik-2) ^ ^ k-2^ , 

- - e2S4:Fk --— Sitt^Fk) 


k-2 


[Fk, Sfi, 


which proves fl3.20|) . Similarly, by using fl3.19p . (13.9p and (I3.10p . we can prove (I3.2ip . 

□ 


4. A CLASS OF INFINITE SERIES CONNECTED WITH TRIANGULAR NUMBERS 


On page 188 of his lost notebook [TB], Ramanujan examines the series, 

00 

(4.1) T 2 k{q) := 1 + 5^(-l)"{(6n - l)2fcg-(3-l)/2 + + ^)2fc^n(3n+l)/2|^ |^| ^ 

n=\ 


Note that the exponents ?7,(3n ± l)/2 are the generalized pentagonal numbers. The 
series T 2 k{q), k = 1,2 ,..., can be represented in terms of the Eisenstein series P{q), 
Q{q), and R{q). The proofs of all the formulas on page 188 are given in [3]. 

If we define the series, 

00 

(4.2) T2k := r2k{q) = 1 + 5^(2n + l)2fcgn(n+l)/2^ 1^1 ^ 

n=l 

then we can obtain analogous formulas for 72fc in terms of e, V, and Q. Observe that 
the exponents n{n + l)/2 are the triangular numbers Tn defined by 


T •= 

n • 


n(n + 1) 


n > 0. 


2 
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Recall that Ramanujan’s theta function '0(g) [H p. 36, Entry 22 (ii)] is dehned by 


(4.3) 


n(nH-l)/2 _ 




'4’{q) = ^q , 2 


n=0 


where |g| < 1, and, for any complex number a, we write (a; g)oo := n^i(l ~ ^)- 

We now state four formulas for T 2 k- 

Theorem 4.1. IjT^k is defined by fl4.2p . andV, e, and Q are defined by fll.lOI) - fll.l2p . 
then 

.o Uq) 


11 


111 


IV 


V’(g) 

Uq) 

fi{q) 

%{q) 

fi{q) 

Tsjq) 

fi{q) 


= V, 

= 3p2 _ 2Q, 


= 15P3 - 30PQ + 16eQ, 


= 105P^ - 420P^Q + 448ePQ - 128e^Q - 42^. 


Proof. Important in our proofs is the simple identity 
(4.4) (2n + l)2 = 8^^^^^^^ + l. 

Observe that, by fl4.3p . 

7 OO 

P=l + 84 r-V(-l)"l 0 g(l- 4 r' 

=1 + 8q— log ■ 


=1 + 

Thus, using fl4.4p . we hnd that 


dq {q-,q^)c 


0(g) 


i,(q)V ^i,{q) + 89^ ( 1 + 5^ 


n=l 


=0(g) + 8^ 


+ 1) „n(n+l)/2 


n=l 

OO 


=^(g) + 5^(2n + l)2g-(-+b/2 _ 1 


n=l 


(4.5) 


=r2(9). 


This completes the proof of (i). 




















18 


HEEKYOUNG HAHN 


In the proofs of the remaining identities of Theorem 14.11 in each case, we apply the 
operator Sq-^ to the preceding identity. In each proof we also nse the identities 

(4.6) 8g^7ifc(g) = 7^fc+2(g) - 7^fc(g), 
which follows from differentiation and the nse of fl4.4p . and 

(4.7) 8g^i/>(g) = 7^(g) - V>(g), 
which arose in the proof of fl4.5l) . 

We now prove (ii). Applying the operator 8q^ to 04.51) and nsing 04. 6 1) and 04.71) . 
we dednce that 

P(g)(7i - ^(q)) + V'(g)8g^^^ = %{q) - 7^(g). 

Employing (i) to simplify and nsing 01.15p . we arrive at 

(4.8) Uq) = {3r^-2Q)ij{q), 


as desired. 

To prove (iii), we apply the operator to 04.8|) and nse 04.61) and 04.7p to dednce 
that 

Te - % =8(6Vq^ - 2q'^)^P{q) + {3V^ - 2Q){T2 - ^P{q)) 

V dq dq / 

= {l2V{V^ -Q)- IQ{VQ - eQ))V'(?) + (3P' - 2Q){V - l)V'(g), 

where we nsed 01.15p . 01.17P and (i). If we now employ 04.8p and simplify, we obtain 
(iii). 

In general, by applying the operator 8g^ to T 2 k and using 04.6p and 04.7p . we hnd 
that 

T2k+2 -T2k = 8q-^g2k{'P, e, Q)i>iq) + Vg2kiV, e, Q), 
dq 

where we dehne the polynomials g 2 k{'P, e, Q), k > 1 , hy 

(4.9) g,,(p,e,S):=h^, 

Then proceeding by induction while using the formula 04. 9 1) for 72fc, we hnd that 

(4.10) g 2 k+ 2 {V, e, Q) = 8 q-^g 2 k{V, e, Q) + Vg 2 k{V, e, Q). 

With the use of 04.101) and the differential equations 01.15p - 01.17p . it should now be 
clear how to prove the remaining identity (iv), and so we omit further details. □ 


Remark. Observe from Theorem 14.11 that a general formula for g2k{'P,^, Q) contains 
all products 'P^e^Q"', such that 21 + 2m + 4n = 2k. It seems to be extremely difficult 
to hnd a general formula for g2k{'P,e, Q) that would give explicit representations for 
each coefficient of 
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Let as be defined for s, n G N, by 

(5.1) 3 ,( n ) = 

d\n 

where ai{n) = a{n), and as{n) = 0 if n ^ N. Glaisher |5] defined seven qnantities 
which depend on the divisors of n, inclnding fIS.ip . and fonnd expressions for them in 
terms of the as{n) defined as fll.Sp . For instance [5], 

(5.2) as{n) = as{n) - 2^+Vs(n/2). 

Then the first formula (i) in Theorem 14 .1 1 has an interesting arithmetical interpretation. 
Theorem 5.1. Define a(0) = |. Then we have that 

(5.3) 8 ^ aU ) = 

j-\-k{k-\-l) l2=n 
j,k>0 

Proof. By expanding the summands of V in fll.lOp in geometric series and collecting 
the coefficients of g" for each positive integer n, we find that 

OO OO 

V{q) = 1 + 8 ^ a{n)q^ = ^ 

n=l n=0 

upon using the definition a(0) = |. Thus, by fl4.3p and Theorem 14.11 (i) can be written 
in the form 

( OO \ / OO \ OO 

8 ] ■ [Y H ^ + l)2g-G+i)/2. 

j=0 / \fc=0 / n=l 

Equating coefficients of g"', n > 1, on both sides of fl5.4p . we complete the proof. □ 

Let N be the set of positive integers. Define 

(5.5) A := {(x, g) G : 2x^ + = 8n + 1, ?/ is odd, 2\x} 

and 

(5.6) B := {(x,g) G = 8n + 1,g is odd,4|x}. 

Then we derive the following combinatorial corollary of Theorem 15.11 

Corollary 5.2. The number of elements of A and the number of elements of B have 
the same parity in all cases except when n = r(r + l)/2 and r = 1, 2 (mod4). 

Proof. Since 

1 (mod 2), if j = m? or j = 2m^, 

0(mod2), otherwise, 

we have that 

(5.7) Y Y 5^(1) (mod2). 

j-\-k{k-\-l)/2=n j-\-k{k-\-l)/2=n 

j,k>0 J>1,A;>0 

j=m? or j=2m? 



( (2r + 1)^, z/n = r(r + l)/2, 
^ 0, otherwise. 
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After changing variables, it is easy to see that A and jB can be rewritten as 


^ = {(j,k) jj >0,k> 0,j + k(k + l)/2 = n,j = } 


and 


^ = { (i) I j > 0, > 0, j + k{k + l)/2 = n, j = 2m^}. 


Therefore, by fl5.7p . we hnd that 


#A + i^B= 1 


j+k{k+l)/2=n 

j>l,k>0 

j=m?OYj=2m? 


= t^(j)(mod2) 


j-\-k(k-\-l)/2=n 

j>l,/c>0 

j=vn?OYj=2m? 


= t^(j)(mod2) 


j-\-k(k-\-l)/2=n 

j>l,/c>0 




0 , otherwise 

1 (mod 2), when n = r(r + l)/2 and r = 1, 2 (mod 4), 
0 (mod 2), otherwise. 


So we conclnde the resnlt. 


□ 


Acknowledgements. I am deeply indebted to Professors S. Ahlgren, B. C. Berndt, 
M. Boylan, and A. Zaharescn for their helpfnl comments and enconragement. 


References 


[1] B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, 1991. 

[2] B. C. Berndt, P. Bialek, and A. J. Yee, Formulas of Ramanujan for the power series coefficients 
of certain quotients of Eisenstein series, IMRN, No. 21 (2002), 1077-1109. 

[3] B. C. Berndt and A. J. Yee, A page on Eisenstein series in Ramanujan’s lost notebook, Glasgow 
Math. J. 45 (2003), 123-129. 

[4] M. Boylan, Swinnerton-Dyer type congruences for certain Eisenstein series, Contemporary Math. 
291 (2001), 93-108. 

[5] J. W. L. Glaisher, On certain sums of products of quantities depending upon the divisors of a 
number, Mess. Math. 15 (1885), 1-20. 

[6] M. Kaneko and M. Koike, On modular forms arising from a differential equation of hypergeometric 
type, Ramanujan J. 7 (2003), 145-164. 

[7] M. Kaneko and M. Koike, Quasimodular solutions of a differential equation of hypergeometric 
type, in Galois theory and modular forms, 329-336, Dev. Math., 11, Kluwer Acad. Publ., Boston, 


2004. 


[8] M. Kaneko and D. Zagier, Supersingular j-invariants, hypergeometric series, and Atkin’s orthog¬ 
onal polynomials, AMS/IP Studies in Advanced Mathematics, 7 (1998), pp. 97-126. 

[9] N. Koblitz, Introduction to ellpitic curves and modular forms, Springer-Verlag, New York, 1993. 

[10] K. Ono, Differential endomorphisms for modular forms onro(4), in Symbolic Computation, Num¬ 
ber Theory, Special Eunctions, Physics and Combinatorics, F. G. Garvan and M. E. H. Ismail, 
eds., Kluwer, Dordrecht, 2001, pp. 223-229. 






EISENSTEIN SERIES ASSOCIATED WITH ro(2) 


21 


[11] V. Ramamani, Some Identities Conjectured by Srinivasa Ramanujan in His Lithographed Notes 
Connected with Partition Theory and Elliptic Modular Functions-Their Proofs-Inter Connection 
with Various Other Topics in the Theory of Numbers and Some Generalizations, Doctoral Thesis, 
University of Mysore, 1970. 

[12] V. Ramamani, On some algebraic identities connected with Ramanujan’s work, in Ramanujan 
International Symposium on Analysis, N. K. Thakare, ed., Macmillan India, Delhi, 1989, pp. 
279-291. 

[13] S. Ramanujan, On certain arithmetical functions, Trans. Cambridge Philos. Soc. 22 (1916), 159- 
184. 

[14] S. Ramanujan, Collected Papers, Cambridge University Press, Cambridge, 1927, reprinted by 
Chesea, New York, 1962; reprinted by the American Mathematical Society, Providence, RI, 2000. 

[15] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, 1988. 

[16] B. Schoeneberg, Elliptic modular functions, Springer-Verlag, New York, Heidelberg, Berlin, 1970. 

[17] D. B. Zagier, Modular forms and differential operators. Prod. Indian Acad. Sci. Math. Sci. 104 
(1994), 57-75. 

Department of Mathematics, University of Rochester, Rochester, NY 14627 USA 
E-mail address: hahn@math.rochester.edu 



